Axisymmetric shells are analyzed by means of one-dimensional continuum elements by using the analogy between the bending of shells and the bending of beams on elastic foundation. The mathematical model is formulated in the frequency domain. Because the solution of the governing equations of vibration of beams are exact, the spatial discretization only depends on geometrical or material considerations. For some kind of situations, for example, for high frequency excitations, this approach may be more convenient than other conventional ones such as the finite element method.
Introduction
This work deals with the numerical analysis of axisymmetric shells by means of one-dimensional continuum elements. This is a different approach from that followed in, for example, Refs. [1, 2] for static analysis and Ref. [3] for dynamic analysis in which the wellknown analogy between the bending of shells and the bending of beams on elastic foundation is used. In these referenced works, a finite element is formulated to analyze the shells: an 'equivalent' finite beam on elastic foundation. The foundation modulus and the beam flexural rigidity are replaced by appropriate parameters pertaining to the shell under consideration. This 'equivalent' finite element formulation avoids two disadvantages in using shell finite elements in computer programs, namely, the higher complexity of shell theories and the greater computational effort the shell elements need, because, they generally have more degrees of freedom.
In the approach proposed in this paper, no finite element is formulated. The development is based on the classical vibration continuum theory, [4, 5] . We benefitted from field equation of beams that are solvable with their exact solutions. First, the field equation of a beam for a given frequency is solved and then, by means of the relationships between forces and displacements, the element stiffness matrix for this frequency is obtained. Then, it proceeds like a typical matrix structural analysis scheme. The solution obtained for the entire structure is exact for this frequency because the exact solution of the differential equation of the beam has been previously computed.
An interesting application of this method is the dynamic analysis of structures subjected to high frequency excitations. Because the solution is exact, the spatial discretization may have elements as large as desired being constrained only by the changes of the material properties and the boundary conditions. An example is analyzed in Ref. [6] : the dynamic effects induced in a plane specimen of the ARIANE 5 Vehicle Equipment Bay (A5 VEB) produced by the sudden rupture of the ring connecting the upper stage of the vehicle by means of a pyrotechnic device. For this case, the mathematical model was built up with continuum beam elements and the numerical results predicted rather good the experimental ones.
In the case of the pyrotechnic shock in the A5 VEB, the frequency contents of the load reaches 30 000 Hz in the structure, while its first natural frequency is about 10 Hz. In this situation, methods based on spatial discretization (for example, the finite element method, FEM) are no longer suitable because they need a very fine mesh and/or very small integration intervals that makes any realistic computational model impractical.
To solve axisymmetric structures, the same approach can be used but by taking into account the beam on elastic foundation analogy. The only difference is that the field equation has changed due to the elastic foundation, but this equation is also solvable and again the solution is exact. Once again, the method can be applied successfully to dynamic analysis. Let us take the case of a cylindrical structure. We can study it (statically or dynamically) with a beam on elastic foundation, but we will focus in the case of dynamics because it highlights the advantages of the method. Using the Finite Element Method some spatial discretization is needed. On the other hand, the higher the range of frequencies, we want to analyze, the higher is the number of elements we need. This, of course, is not critical, even in very big models, for the low frequency regime, due to the current capability of modern computers. But in cases of very high frequency excitations, such as the A5 VEB analysis briefly explained above, the difference in computation time and effort is enormous. Moreover, the complexity of these kind of problems implies a great number of uncertainities both in the definition of the load induced by the pyrotechnic shock and in the modelling of the structure. The only practical way to tackle and solve such a problem is to have at one's disposal a computational method that allows to perform easy and quickly parametric studies with a sufficient confidence. A qualitative study of axisymmetric models of the A5 VEB structures can be found in Refs. [7, 8] .
In this paper, the mathematical basis of the method is presented, and it is applied to cylindrical and conical structures. Although the formulation has been developed taking into account orthotropic materials, the examples presented in this work are isotropic ones. Other geometrical forms of shells such as hyperboloids can be modelled as an assemblage of conical shell elements [2] and then, can be considered as particular cases of the analyzed ones. In any case, the aim of the paper is not to study many different shapes of shell structures but to show how they can be efficiently calculated by means of a continuum approach.
Because in conical shells one of the radii of curvature is variable some discretization is needed for their modelling. However, this discretization is needed due to the geometry of conical shells and it does not depend on the range of frequencies of interest. We will show in this work that after a certain value of the frequency, the effect of the curvature vanish, i.e. higher values of frequencies of an axisymmetric structure and a plane one (infinite radius) are practically the same. This is a very important phenomenon because it allows us to model a conical shell with just the number of elements needed to predict its behavior up to this value of the frequency. For higher frequencies, the discretization is enough because the circumferential effect has disappeared and the shell behaves like a plane structure that can be modelled by means of continuum beam elements independently of the analyzed range of frequencies.
Mathematical model

Generalities
The mathematical model is formulated in the frequency domain, so it is necessary to compute the structural response for all the harmonic components of the excitation. If the field equation is solvable in the frequency domain, the computation of the impedance matrix is immediate by the application of the proper unit boundary displacements, as it is sketched in Section 2.2. The elements used are beams of the Rayleigh-Timoshenko type, i.e., with axial, shear and bending deformation plus rotational inertia.
To model axisymmetric structures, beams on elastic foundation are used. So, it is necessary to compare their respective field equations to obtain the characteristics of the beams. This is performed in Section 2.3. Once the equivalent beam has been obtained, the computation of the impedance matrix can be carried out.
In the frequency domain it is easy to apply the concept of a complex stiffness incorporating the effects of distributed and/or lumped masses, and elastic (springs) or dissipative elements (dashpots). The lumped masses and the concentrated springs are added directly to the real part of the global impedance matrix D(a>), while the dashpots affects the imaginary one. By using complex elasticity and shear moduli, it allows the consideration of different damping types: viscous, hysteretic and variable with frequency following a desired law.
Once the global impedance matrix D(a>) has been assembled, the load vector F(a>) can be organized for every frequency and the displacement field is obtained by solving
where a> is the angular frequency and i is the imaginary unit. The procedure is summarized in Fig. 1 . First of all, the frequency history of the load is discretized in a certain number of points. Then the vector of displacements is obtained for each value of the frequency by solving Eq. (1), which gives a discrete curve in the frequency domain for each degree of freedom. The represented magnitudes in the y axis may be displacements, accelerations, forces, etc. The obtained curves are similar to that shown in Fig. 1 , the amplifications correspond to the modes and their x values correspond to the natural frequencies (which are independent of the magnitude in 1. Schematic representation of the proposed method.
the vertical axis). So, the method does not compute neither the frequencies nor the modal shapes. But it is possible to determine where the natural frequencies are by examining the structural response. In the example shown in Fig. 1 , with a clamped-free cylinder radially excited, the x values of the peaks are the frequencies of the radial vibration modes. Other modes, like axial or torsional ones, are not present in the response because they have been not excited.
To perform a static calculation, it is only necessary to compute the response for a value of 0 Hz. An inverse Fourier transformation block computes the superposition of the different frequency responses to synthesize the time response. The method also allows for the treatment of load cases with different frequency contents.
The responses are calculated in the nodes of the elements, but to obtain displacements and forces in different points of the elements, the shape functions are used for the interpolation.
Element impedance matrix
This section illustrates the derivation some of the terms of the dynamic element stiffness matrix in the case of Bernoulli beams, that is, without considering shear deformation. For simplicity, we consider beams of homogeneous material and uniform cross-section. We are looking for an expression of the type,
where F^_(m) is the element load vector, x^(a>), the element displacement vector and Di(a>), the element impedance matrix. The size of the vectors Ff_ and x*_ is (12 x 1), whereas the size of Ef_((ti) is (12 x 12). First of all, we derive the axial terms corresponding to the degree of freedom 1 and 7 ( where E is Young's modulus, A is the cross-section, m is the mass per unit length and u is the longitudinal displacement.
Because 
where C and D are constants and To obtain the value of the constants the boundary conditions are used: for x -0, (i.e., i end of the beam), u -u t , and for x -/, (i.e., j end of the beam)
The relation between axial forces iV and axial displacements u is
and therefore, particularizing for the ends of the beam, we obtain the longitudinal terms of the impedance matrix. Note that the angular frequency a> is present in I (Eq. (8)).
• 
where A,B, C and D are constants and
To obtain the value of the constants, the boundary conditions are used: for x -0, v -v it 9 -9 h and for x -/, v -Vj, 9 -9j. Note that for a beam of the Bernoulli type 9 -du/dx, so
ClA,
where
and the values of the constant a\ to a 8 are given in Appendix A. The relationships between shear forces Q, bending moments M and transversal displacements v are
(n (19) and therefore, particularizing for the ends of the beam, we obtain the bending terms of the element impedance matrix
a 5 as aj
Again, the parameter I (Eq. (15)) contains the angular frequency a>. The bending terms in the plane xz (degree of freedom 3, 5, 9 and 11) are the same by changing the moment of inertia and the torsional terms (degree of freedom 4 and 10) are obtained like the axial ones.
The derivation of the terms including shear deformation plus rotatory inertia is a little more complicated and can be found in Refs. [5, 8] for the case of a beam on elastic foundation.
After the element matrix is computed, it is possible to compose the global impedance matrix D(a>) and to solve Eq. (4) for each discrete value of the frequency.
Axisymmetric effects
Now, the main characteristics of the behavior of orthotropic axisymmetric shells are presented. The objective is to model axisymmetric structures with the described elements: beams on elastic foundation and springs. Thus, no real extension to two-dimensional elements is performed in the study. Once the characteristics of the equivalent beam have been obtained the computation of the element impedance matrix D e (co) can be carried out by applying the expressions of the previous section.
The structure under consideration is a shell with axial symmetry. In Fig. 3 , a spherical shell is represented where the meridional and circumferential radii are the same r t -r 2 . The analysis is limited to the case of infinite meridional curvature (r t -00), i.e., only cylindrical (cp -90°) and conical shells (cp / 90°) are considered, but other kinds of shells such as hyperboloids can be modeled as an assemblage of conical shell elements.
Material behavior law
In the following, subscripts s and 9 refer to meridional and circumferential components respectively, while z represents the coordinate normal to the shell plane.
If an orthotropic material is considered, the material behavior law is given by the following relations: 
Equilibrium equations
The equilibrium equations are written by using the principle of virtual work
where Q is the body domain and dQ is its boundary. X andX represent vectors containing the body and surface forces respectively. For axisymmetric shells, the integral on the volume can be written as
where Ih is the thickness of the shell. A general formulation, including shear deformation is studied; therefore the angular strain y sz is non zero and a / dw/ds.
Neglecting 
For the case studied in this work, the surface forces are those due to the inertia effects. Because we are looking for the response of a pure harmonic excitation, the solution can be computed for each frequency, obtaining the spatial distribution of the variables. where the following notation has been adopted. 
Field equations
E S A S EeAe
Substituting the previous equations in Eqs. (33)-(35), the field equations obtained are
The general field equations given by expressions (43)-(45) will be particularized for cylindrical and conical shells and then compared to the field equations of beams, in order to establish the conditions under which axisymmetric shells can be modeled by beams.
Cylindrical shells
The longitudinal behavior, described by Eq. (43) can be particularized for a cylinder shell taking into account that in this case cp -90° and therefore r -r 2 -Rconstant. 53), that is, coupling between the longitudinal and transversal displacements due to the slope of the shell. This effect can be represented by means of a beam supported on concentrated springs normal to the axis of the cone. The force exerted for the spring due to the displacement w is F -Kw sin cp while that due to u is F -KM COS cp (Fig.  6) . Adding the two effects 
where subscript w refers to the bending terms and s to the axial ones. If we take that are, respectively, the added terms in the previous equations. In these equations, r 2 represents an average radius between the radii corresponding to the ends of the beam. (1 x 1(T In this section, we validate the proposed method by comparing some results with finite element calculations. Two clamped-free cylinders and cones of different lengths and isotropic materials are studied. The geometrical and material characteristics are indicated in Table 1 . The compared magnitudes are natural frequencies of radial modes and element forces per unit length due to static radial loads, i.e., dynamic computations for 0 Hz. The finite element models are built up with two-node axisymmetric shell elements. In particular, the SHELL61 element of the well-known ANSYS code [9] is used.
For the proposed method, it is necessary to obtain the characteristics of the equivalent one-dimensional continuum structures according to Section 2.
Cylindrical structures are modeled by an equivalent beam on elastic foundation with the following characteristics:
Taking into account that the radius is constant, the area of the cross-section of the equivalent beam, for a depth of b -1 m, is where L\ and i 2 are the lengths of the two beam elements before and after the spring and the radius r 2 is that corresponding to the location of the spring. In Table 2 , the values of the first five radial natural frequencies obtained with both calculations are shown. The finite element code uses a standard modal analysis (Ref. [9] ), but it is important to highlight again that the proposed method does not compute neither the frequencies nor the modal shapes but the structural response, for certain values of frequency, produced by an external excitation.
In Fig. 7 , a typical response history in the frequency domain is shown. In particular, the radial displacement of the free end of cylinder 2 is plotted. The external excitation is a step load applied in the radial direction on the free edge of the cylinder. The values of the x coordinates of the peaks (838, 1572, 3804 and 6743 Hz) correspond to the natural frequencies. These values are compared with the natural frequencies obtained with the finite element computation (843, 1546, 3648 and 6659 Hz).
The range of analyzed frequencies for cylinders is from 0 to 10 000 Hz and the number of calculated frequencies is 512, i.e., the response is computed for each of 19.53 Hz. For cones also, 512 frequencies have been Table 2 Validation examples: comparison of axisymmetric (radial) frequencies Table 3 Validation examples: number of nodes and elements calculated, but in these cases, the range is from 0 to 5000 Hz.
In Table 3 , the number of nodes and elements used in both mathematical models are shown. Note that for cylinders, one element is necessary to capture all the frequencies with the proposed method. The current finite element discretization is valid for certain number of modes. After a determined threshold, a finer mesh should be needed. However, the continuum method does not need more than one element, with the corresponding savings in computation time.
For the cases of cones, some discretization is needed because the characteristics vary along the axis. In any case, no attempt to model the shells with an optimum number of elements in both methods has been made because, the scope of the examples is to validate the proposed continuum method.
Figs. 8-11 are plotted with the circumferential axial force per unit length (cylinders) and the circumferential bending moment per unit length (cones) obtained by the application of a static radial load versus the length of the structures normalized to unit. The loads are applied on the free edges of the structures. The proposed method obtains these results performing a computation for 0 Hz. A good agreement is achieved between the results obtained with both methods. Note that in Figs. 8 and 10 (cylinder and cone 1), the effects are damped earlier than in Figs. 9 and 11 (cylinder and cone 2) which means that the part of the structure that is affected by the excitation depends on the length of the structure.
Influence of the radius of curvature
The modal shapes of a beam on elastic foundation are the same as those of the beam. The foundation does not affect the modal shape, but it increases the frequency of the mode. The natural frequencies of the beam on elastic foundation and the beam are related by a factor that depends on the stiffness of the foundation and on the number of the considered mode. For higher modes, this factor tends to 1 and the frequencies of both beams tend to be the same. In this section, the influence of the radius of curvature is analyzed for cylindrical and conical structures. Natural frequencies of axisymmetric (radial) modes of free-free shells with different radii have been computed with the finite element method. These results are compared with the natural frequencies of a structure of infinite radius, i.e. a plane structure.
The characteristics of the cylinders are: height h -1 m, thickness t -1 x 10~2 m, elastic modulus E -2. The results for cylinders are shown in Fig. 12 . In Fig.  12(a) , natural frequencies versus modal shape number are plotted. Note that all curves tend to converge to the curve corresponding to the plane case (infinite radius). In Fig. 12(b) , equivalent results are presented but in terms of relative difference, defined as (f R -fR =00 /fR =00 ), where f R corresponds to the natural frequency, for a given modal shape, of a cylinder of radius R and f R=00 the natural frequency of the cylinder of infinite radius. Note that when convergence occurs, the difference with the plane case is less than 10%. In Fig. 13(a) and (b) , similar results are shown for conical structures.
The values of frequency when the relative difference is less than 10% for all cases are shown in Table 4 .
For example, for the cone of R min -1 m and R mllx -2 m, the frequency from which the cone behaves practically like a plane structure is 1418 Hz (mode number 10). This means that it is enough to discretize the cone to predict this value. Above this frequency, a plane case is recovered, and the discretization does not depend on the analyzed frequency that is the main advantage of the proposed method.
In this section, some ideas about the analysis of structures subjected to high frequency excitations with the proposed method are given. Let us take the case of a cylindrical structure in clamped-free boundary conditions. With the finite element method, some discretization is needed. The shape of axisymmetric (radial) modes has a series of waves in the axial direction. To capture one halfwave, at least two elements are necessary. So, to capture n halfwaves, the finite element mesh should have at least 2n elements.
Two different cylinders have been studied: Cylinder 3 (h -1 m) and Cylinder 4 (h -0.2 m). For both shells, the other data are t = 1 x 10~2 m, E = 2.1 x 10 11 N/m 2 , v -0.3 and p -7800 kg/m 3 . In Table 5 , the number of halfwaves for different radial modes and their corresponding frequency are shown. Also, the minimum number of elements needed to capture these modes with the finite element method are indicated.
This means that to analyze the dynamic behavior of cylinders 3 and 4 in the range from 0 to 60 000 Hz, at least 100 and 20 finite elements are needed, respectively. For higher ranges, this discretization is no longer valid, and a finer mesh should be used. However, with the proposed method, only one element is needed in both cases. In Figs. 14 and 15, the history of radial displacements of the free end in the frequency domain (for a step load applied in this point) are shown. For these computations, the range of frequencies has been discretized in 1024 points, i.e., the response is computed in intervals of 58.59 Hz. Note that, with the proposed method, the number of modes present in the response is independent of the discretization.
Conclusions
A method based on one-dimensional continuum elements to analyze orthotropic shell structures has been described. Relating the field equations of beams on elastic foundation with those of axisymmetric orthotropic shells, modeling criteria to represent shells by means of one-dimensional continuum elements have been established. The main advantage of the method is that the exact solution of the one-dimensional continuum Table 4 Frequency values for convergence between structures of finite and infinite radii
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Rmin ( elements is well known in the frequency domain, and therefore, the spatial discretization of the structures is only constrained by changes in the material properties or the boundary conditions but not by the method itself. An interesting application of the method is the study of structures subjected to excitations with very high frequency contents. In these cases, methods based on spatial discretization (e.g., the finite element method) are not very convenient because they need a very fine mesh that makes any realistic computation impracticable. However, the proposed method avoids this difficulty and offers a good tool to study this kind of situations.
Some validation tests have been run to check the model. Natural frequencies of radial modes and forces per unit length due to static radial loads have been successfully compared with finite element results. The influence of the radius of curvature has been studied. The conclusion is that after a certain value of the frequency (that depends on the geometrical and material characteristics of the shell) an axisymmetric shell behaves like a plane one. This is very important for shells whose characteristics vary along the axis (for instance, conical or hyperboloidal shells) because it is only necessary to perform a discretization small enough to predict the behavior until this value of frequency. Above this value, the effect of the curvature vanishes and the shell behaves like a plane structure and the one-dimensional continuum model is valid for all values of frequency. In the last section, it is shown how, with only one continuum element, cylindrical structures can be studied in a wide range of frequencies.
Appendix A
The values of the constants a\ to a 8 
